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We propose the finite-size scaling of correlation function in a finite system near its critical point. At
a distance r in the finite system with size L, the correlation function can be written as the product of
|r|−(d−2+η) and its finite-size scaling function of variables r/L and tL1/ν , where t = (T−Tc)/Tc. The
directional dependence of correlation function is nonnegligible only when |r| becomes compariable
with L. This finite-size scaling of correlation function has been confirmed by correlation functions of
the Ising model and the bond percolation in two-diemnional lattices, which are calculated by Monte
Carlo simulation. We can use the finite-size scaling of correlation function to determine the critical
point and the critical exponent η.
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I. INTRODUCTION
The concept of finite-size scaling has played an impor-
tant role in the investigation of finite-size effects near
critical point over last decades[1]. The free-energy den-
dity f(t, L) at the reduced temperature t = (T − Tc)/Tc
and vanisheing external field in a d-dimensional cubic ge-
ometry of volume Ld with periodic boundary conditions
(PBC) can be decomposed as
f(t, L) = fs(t, L) + f0(t) , (1)
where fs(t, L) denotes the singular part of f and f0(t)
is the regular part. It was asserted by Provman and
Fisher [2] that, below the upper critical dimension d = 4,
fs(t, L) has the asymptotic finite-size scaling structure
fs(t, L) = L
−dF (tL1/ν) , (2)
where F (x) ia a universal scaling function.
For the free energy density in the bulk limit L → ∞,
it was believed that there is the two-scale-factor univer-
sality in general [1]. It has been demonstrated that the
two-scale-factor universality is valid for isotropic systems
but not for anisotropic systems with noncubic symmetry
[3]. The finite-size scaling function of the free energy
density F depends on the normalized anisotropic ma-
trix A¯ of anisotropic systems [3]. The Binder cumulant
ratio U was introduced [4] to determine the transition
point and compute the critical exponent of the correla-
tion length. Its value at the transition point U(Tc) was
believed to be universal and can indicate the the univer-
sality class together with critical exponents [1]. It has
been proved in Ref.[3] that U(Tc) depends on A¯ also.
∗ Email address: chenxs@itp.ac.cn
Using the Monte Carlo simulations of two-dimensional
anisotropic Ising models, the dependence of U(Tc) on A¯
has been confirmed [5, 6]. The experimental investiga-
tions of the finite-size scaling have been done extensively
with 4He at the superfluid transition and are reviewed
in Refs.[7, 8].
A similar finite-size scaling ansatz of the correlation
length ξ(t, L) was made by Privman and Fisher [2] as
ξ(t, L) = LX(tL1/ν) , (3)
with the universal scaling function X(x). In the three-
dimensional Ising model, the finite-size scaling analysis
of the correlation length with Monte Carlo simulations
was reported [9]. Above the upper critcal dimension, the
finite-size scaling of the correlation length was studied
in the five-dimensional Ising model [10]. As the central
quantity in a statistical system, the correlaion length in
ionic fluids was investigated by integral equation theory
[11]. The finite-size scaling can be related to the large dis-
tance behavior of bulk order-parameter correlaion func-
tion [12].
In this paper, we study the correlation function
g(r, t, L) of finite system with size L. In Sec. II, the finite-
size scaling structure of correlation function g(r, t, L) is
introduced and discussed. With the correlation function
of Ising model in Sec. III and the correlation function of
bond percolation In Sec. IV, the finite-size scaling of cor-
relation function is confirmed by Monte Carlo simulation.
In Sec. V, we draw some conclusions.
II. FINITE-SIZE SCALING OF CORRELATION
FUNCTION
Correlation functions describe how microscopic vari-
ables at different positions are related. In an infinite
system with a lattice spacing a˜ , the correlation function
2g(r, t,∞) reads [1, 2] for |t| ≪ 1 and |r| ≫ a˜,
g(r, t,∞) = A |r|−d+2−ηΦ(|r|/ξ) (4)
with a universal scaling function Φ, a nonuniversal am-
plitude A, and with ξ = ξ0|t|−ν , apart from correlations
to scaling.
In a finite system with N spins, the correlation Cij
between spin i positioned at ri and spin j positioned at
rj can be calculated as [13]
Cij = 〈SiSj〉 − 〈Si〉〈Sj〉 , (5)
where the averages are done over all configurations with
weight p({Si}). Using Cij as its elements, a N×N corre-
lation matrix C can be obtained. C has N eigenvectors
and eigenvalues. For eigenvector bn of eigenvalue λn,
there is the relation
Cbn = λnbn, n = 1, 2, ..., N, (6)
where
bn =

b1n
b2n
.
.
.
bNn
 . (7)
The normalized eigenvectors are orthogonal to each other
and satisfy the conditions
bn · bl =
∑
j
bjnbjl = δnl , (8)
where δnl is the Kronecker delta.
From the fluctuations of N spins, we can define N
principal fluctuation modes
δS˜n =
N∑
j=1
bjnδSj , n = 1, 2, ..., N . (9)
Using the orthogonal conditions in Eq.8, the correlation
between principal fluctuation modes can be calculated as
C˜nl ≡
〈
δS˜n δS˜l
〉
= λnδnl . (10)
There is no correlation between different principal fluc-
tuation modes. The mean square of principal fluctuation
mode δS˜n is equal to λn.
We can express the correlation Cij between spin i and
spin j by eigenvectors and eigenvalues as
Cij =
N∑
n=1
binbjnλn . (11)
We introduce C
(n)
ij = binbjn, which can be understood as
the correlation between spin i and spin j in the n-th prin-
cipal fluctuation mode. The total correlation between
spin i and spin j is obtained by summing correlations of
all principal fluctuation modes as
Cij =
N∑
n=1
λnC
(n)
ij . (12)
In Ref.[13], it has been proposed and confirmed by the
two-diemnsional Ising model that eigenvalues satisfy the
following finite-size scaling form
λn(t, L) = L
2−ηfn(tL1/ν) , (13)
where η is related to the critical exponent γ of suscep-
tibility by the hypescaling relation 2 − η = γ/ν. Using
position vectors ri of spins, eigenvector bn can repre-
sented by a spatial function bn(ri). In a finite system of
volume Ld and periodic boundary conditions, the spatial
function can be expressed as
bn(ri) =
1√
N
∑
k
bˆn(k) exp(ikri) (14)
with the Fourier component
bˆn(k) =
1√
N
∑
ri
bn(ri) exp(−ikri) , (15)
where k has components kj = 2πmj/L, mj =
0,±1,±2, ..., j = 1, 2, ..., d in the range −π ≤ kj < π.
Fourier components follow the relation bˆ∗n(k) = bˆn(−k)
according to Eq.15. The correlation function of distance
can be calculated as
g(r, t, L) =
1
N
∑
ri
N∑
n=1
bn(ri)bn(ri + r)λn . (16)
By using the orthogonal condition
1
N
∑
ri
exp(ikri) exp(ik
′
ri) = δk+k′,0 (17)
and the finite-size scaling form of eigenvalues in Eq. (13),
the correlation function of distance can be expressed as
g(r, t, L) = L−d+2−η
∑
n
∑
k
fn(tL
1/ν)
∣∣∣bˆn(k)∣∣∣2 exp(−ikr) ,
(18)
where k = 2πm/L.
From this result, we propose that the correlation func-
tion of distance follows the finte-size scaling form
g(r, t, L) = A |r|−d+2−η G
(
r/L, tL1/ν
)
, (19)
for |t| ≪ 1 and L ≫ a˜. It is expected that the di-
rectional dependence of the universal scaling function
G
(
r/L, tL1/ν
)
can be negleted for |r| ≪ L and becomes
unnegligible when |r| is comparable to L.
3From Eq.(19), we can get the finite-size scaling of the
second moment correlation length
ξ(t, L) =
√
1
2d
∑
r
|r|2 g(r, t, L)∑
r
g(r, t, L)
= LX(tL1/ν) (20)
in agreement with Eq.(3). Further, we can obtain the
finite-size scaling of susceptibility
χ(t, L) = Lγ/νfχ(tL
1/ν) , (21)
with γ/ν = 2− η.
From correlation functions of different system sizes L,
we choose the distances xλ = λL along the x-direction.
The logarithm of correlation function at distance xλ can
be written as
ln g(xλ, t, L) = (−d+ 2− η) lnL+ lnG(λ, tL1/ν) + C ,
(22)
where C = ln
(
Aλ−d+2−η
)
.
At critical point with t = 0, ln g(xλ, 0, L) depends on
lnL linearly with slope −d + 2 − η. The deviation from
this linear dependence of ln g(xλ, t, L) appears when t 6=
0. We can use this property to fix the critical point and
critical exponent η of a system.
Using the correlation function at distances x, 2x, 4x
along the x-direction in the lattice with sizes L, 2L, 4L
respectively, we can define a ratio
R =
g(x, t, L)g(4x, t, 4L)
g(2x, t, 2L)2
. (23)
This ratio can be written into a scaling form as
R(λ, tL1/ν) =
G(λ, tL1/ν)G(λ, 22/νtL1/ν)
G(λ, 21/νtL1/ν)2
, (24)
where λ = x/L. At critical point t = 0, we haveR(λ, 0) =
1, which is independent of λ and L. At t 6= 0, the ratio R
depends on both λ and L. We can determine the critical
point of a system from the fixed point of R as a function
of T for different λ and L.
To verify the finite-size scaling structure of correla-
tion function in Eq.(19), we investigate correlation func-
tions of the Ising model and the bond percolation in two-
dimensional lattice with PBC using the Monte Carlo sim-
ulation. The lattice sizes L = 32, 64, and 128 are taken
in our simulations.
III. CORRELATION FUNCTION OF ISING
MODEL
At zero external field, the Ising model has the Hamil-
tonian
H = −J
∑
〈i,j〉
SiSj , (25)
where interactions are restricted to the nearest neigh-
bors and spins can take two values, Si ∋ {−1,+1}.
A configuration of system is characterized by {Si} =
(S1, S2, ..., SN ) with N = L × L. It has a probability
p({Si}) = e−H/kBT /Z with Z =
∑
{Si} e
−H/kBT , where
the summation is done for all samples of configuration.
The Wolff algorithm [14] is used to simulate configura-
tions of the Ising model.
In the average of Eq.5, only configurations with the
positive total magnetization are used. If the total mag-
netization M is negative after a Monte Carlo simulation
step, we make a flip Si → −Si to all spins so that M
becomes positive agian. For N spins in the lattice, there
are N(N1)/2 correlations between spins. The correlation
function g(~r, t, L) is calculated by the average of correla-
tions Cij with ~ri − ~rj = ~r as
g(~r, t, L) =
∑
i,j Cijδ [~r − (~ri − ~rj)]∑
i,j δ [~r − (~ri − ~rj)]
(26)
It has been found that the two-dimensional Ising model
in square lattice has the critical point at kBTc/J =
2/ ln(1 +
√
2) ≈ 2.269[15], and the critical exponents
ν = 1 and η = 14 . To verify the finite-size scaling struc-
ture of correlation function, we simulate the Ising model
of sizes L = 32, 62, 128 around the critical point with
tL1/ν = −2, 0, 2.
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FIG. 1. Left: correlation function along x-axis of the Ising
model at Tc. Right: its finite-size scaling function.
In Fig.1 (a), the correlation function g(x, t, L) along
the x-direction is plotted at the critical point and for
sizes L = 32, 64, 128. The scaled correlation function
g(x, t, L)xη is shown with respect to the scaled distance
x/L in Fig.1 (b), where the curves of different L col-
lapse into one curve. This confirms the finite-size scaling
structure of correlation function in Eq. (19).
Below the critical point Tc, the Ising model is simulated
at sizes L = 32, 64, 128 and corresponding temperatures
with tL1/ν = −2. The results are presented in Fig.2 .
The finite-size scaling structure of correlation function is
confirmed also at temperatures below Tc.
Above the critical point Tc, the correlation functions of
the Ising model are simulated at sizes L = 32, 64, 128 and
corresponding temperatures with tL1/ν = 2. They are
shown in Fig.3 and confirm the finite-size scaling struc-
ture of correlation function for temperatures above Tc.
At the critical point, the correlation functions along
the diagonal direction of lattice with ~r = ( r√
2
, r√
2
) are
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FIG. 2. Left: correlation function along x-axis of the Ising
model below Tc. Right: its finite-size scaling function.
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FIG. 3. Left: correlation function along x-axis of the Ising
model above Tc. Right: its finite-size scaling function.
presented in Fig.4. The finite-size scaling structure of
correlation function is further confirmed. We can see
that the finite-size scaling funtion at distance compari-
able with L/2 becomes dependent on direction and its
value in the diagonal direction is different from that in
the x-direction. Below Tc with tL
1/ν = −2, the correl-
tion functions along the diagnal direction are shown on
the left and their finite-size scaling function on the right
of Fig.5. The correlation functions and their finite-size
scaling function above Tc with tL
1/ν = 2 are plotted in
Fig.6.
The log-log plot of g(xλ, t, L) with respect to L is
shown in Fig.7 for xλ = λL with λ = 1/8, 3/16, 1/4,
respectively. At T < Tc, the correlation function has
nonzero curveture at first. With the increase of tempera-
ture, it becomes a straight line at Tc and is curved again
at T > Tc.
In Fig.8, the ratio R is presented as a function of
temperature T at λ = 1/8, 3/16, 1/4 and for L = 32.
The different curves of R at different λ cross at Tc with
R(λ, 0) = 1.
IV. CORRELATION FUNCTION OF BOND
PERCOLATION
In a two-dimensional lattice, bonds are added ran-
domly to connect any two sites in neighbourhood. With
the increase of bond number Np, the largest cluster in
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FIG. 4. Left: correlation function along diagonal direction of
the Ising model at critical point. Right: its finite-size scaling
function in comparison with that along x-axis
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FIG. 5. Left: correlation function along diagonal direction
of the Ising model below Tc. Right: its finite-size scaling
function in comparison with that along x-axis.
the lattice becomes larger and larger. When the reduced
bond number p = Np/N reach its critical value pc = 0.5,
the size of the largest cluster becomes compariable with
system size and there is a bond percolation phase tran-
sition with critical exponents ν = 43 and η =
5
24 [16]. In
one- and two-dimensional lattices, the criticality of net-
works with long-range connections has been investiated
[17].
For any configuration in the two-dimensional lattice,
two sites i and j are considered to be connected if they
belong to the same cluster except for the largest one. The
correlation pij between i and j in a configuration is equal
to 1 when they are connected and otherwise is equal to 0.
With the average over all configutations, the correlation
between sites i and j is calculated as [18, 19]
Cij = 〈pij〉 . (27)
Using the defnition in Eq.26, we can calculate the cor-
relation function g(~r, t, L) of two-dimensional bond per-
colation from Cij . The results at Tc are shown in Fig.9.
At the left side, the correlation functions along diago-
nal direction of different L are shown. Their finite-size
scaling functions are presented at the right side and are
compared with that along x-direction. Furhter, the cor-
relation functions of bond percolation below and above
pc are demonstrated in Figs.10 and 11, respectively. The
finite-size struction of correlation function in Eq.19 has
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FIG. 6. Left: correlation function along diagonal direction
of the Ising model above Tc. Right: its finite-size scaling
function in comparison with that along x-axis.
been also confirmed by the correlation function of bond
percolation.
To vertify the finite-size structure in Eq.22, the log-log
plot of g(xλ, t, L) with respect to L is shown in Fig.12
with t = (p − pc)/pc. With λ = 1/8, 3/16, 1/4 respec-
tively, the correlation functions at xλ = λL are plot-
ted for p = 0.498, 0.499, 0.500, 0.501, 0.502. With the in-
crease of p, ln g(xλ, t, L) as a function of lnL is curved
downward at the beginning and becomes curved upward
finally. It is at pc = 0.500 that ln g(xλ, t, L) depends
on lnL linearly. In Fig.13, the ratio R defined in Eq.24
is shown with respect to p for λ = 1/8, 3/16, 1/4. It
is found that R is independent of λ and equal to 1 at
pc. Therefore, the finite-size scaling of correlation func-
tion has been confirmed by the bond percolation in two-
dimensional lattice.
V. CONCLUSIONS
We propose here the finite-size scaling of correlation
function in a finite system near its critical point. For the
finite system with size L and at the reduced temperature
t = (T − Tc)/Tc, its correlation function at distnce r
can be scaled as g(r, t, L) = A|r|−(d−2+η)G(r/L, tL1/ν).
At the distance |r| ≪ L, the finite-size scaling function
G(r/L, tL1/ν) is independent of the direction of r. When
the distance becomes compariable with L, the directional
dependence of G(r/L, tL1/ν) is nonnegligible. From the
finite-size scaling of correlation function, we can obtain
the finite-scalings of susceptibility [1] and of the second
moment correlation length [2].
Using Monte Carlo simulation, the correlation func-
tions of two-dimensional Ising model and bond percola-
tion in square lattices are calculated. These results of
both Ising model and bond percolation verify the finite-
size scaling of correlation function proposed above.
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FIG. 7. Log-log plot of correlation function of the Ising model along x-axis g(λL, t, L) with respect to system size L.
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FIG. 9. Left: correlation function along diagonal direction for bond percolation at p = pc. Right: its finite-size scaling function
in comparison with that along x-axis.
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FIG. 10. Left: correlation function along diagonal direction for bond percolation at p < pc. Right: its finite-size scaling function
in comparison with that along x-axis.
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FIG. 12. Log-log plot of correlation function along x-axis for bond percolation g(λL, t, L) with respect to system size L.
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FIG. 13. Ratio R(λ, tL1/ν) of bond percolation with respect to p at L = 32 and different λ.
